The Boussinesq equation and Miura type transformations by Pavlov, Maxim
ar
X
iv
:n
lin
/0
41
20
56
v1
  [
nli
n.S
I] 
 21
 D
ec
 20
04
The Boussinesq equation and Miura type
transformations
Maxim Pavlov
Abstract. Several Miura type transformations for the Boussinesq equation are found
and the corresponding integrable systems constructed.
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1. Introduction
In [10] integrable equations that admit a scalar spectral problem were considered
and an algorithm for constructing the Miura type transformations for these equations
was described. The KdV equation was considered as an example. Another example, the
Kaup-Boussinesq equation, was studied in [9]. The latter equation is related with the NLS
equation by a pair of invertible differential first order substitutions. In fact, there exist
more powerful methods that allow to describe modified equations, that is, the equations
related with the initial ones by non-invertible differential substitutions. These substitu-
tions are called the Miura type transformations. The approach based on constructing
the dressing sequences of discrete symmetries was elaborated in the paper [2]. The KdV
equation and the Bonnet equation served as examples in that paper (the Bonnet equa-
tion is also known as the sine-Gordon equation in the mathematical physics literature).
The Kaup-Boussinesq equation was considered in the paper [3]. This method allows to
construct multi-parametric integrable systems and does not depend on the form of the
spectral problem, which can be either scalar or matrix. Therefore this method differs from
the one proposed in [10]. One may think that the first approach was proposed in order to
replicate integrable equations. This is not so. Conversely, new integrable equations were
obtained as an auxiliary result while decreasing the orders of the Hamiltonian operators.
Indeed, the reduction of the Hamiltonian operators to the canonical form “d/dx” was the
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aim of that approach, which can be treated as a generalization of the Darboux theorem on
reduction of a Hamiltonian operator to the constant operator for the infinite-dimensional
case. Also, we emphasize that the method described in [10] is extremely simple from
the technical viewpoint. Still, this procedure was not applied for the Boussinesq equa-
tion which is at the next level of complexity in comparison with the KdV equation. The
present paper is devoted to solution of this problem. Since the Boussinesq equation is
a two-component system of equations, then new field variables, which are used in con-
struction of the modified equations, are not uniquely defined. Moreover, the third order
spectral problem admits two sets of non-invertible differential substitutions, unlike the
case of the KdV or the Kaup-Boussinesq equations, which are related with the second
order spectral problem. We also see that any non-invertible differential substitution de-
creases the order of the Hamiltonian operator such that the canonical form “d/dx” for
the KdV and the Kaup-Boussinesq equation is achieved. Now consider the Boussinesq
equation. Then only one of two sets of the Miura type transformations is related with
the Hamiltonian structures. Namely, this is the set defined by transformations that are
quadratic in the field variables; another set is cubic. This situation illustrates a general
concept: any scalar spectral problem of order N admits a unique sequence of differential
substitutions related with the Hamiltonian operators. Indeed, the field variables, which
appear in powers not greater than two in the corresponding set, are conservation law
densities for the modified equations, simultaneously. By ([10], [9], [11]), if the number of
the field variables used in the quadratic Miura type transformation equals M + 1, where
M – is the number of equations in the corresponding integrable system, then there are
M variables that annihilate the Poisson bracket which is related with the zero curvature
metric (in case the coordinates are flat) or the constant curvature metric. If the number
of summands in such quadratic transformation exceeds M + 1, then the corresponding
Hamiltonian structure is related with the nonlocal Ferapontov brackets (see [4], [6]). In
this paper, we do not concentrate on the reduction of the Hamiltonian operators to the
canonical form “d/dx”, Indeed, all our attention is drawn to the description of all possible
differential substitutions (similar to ones obtained for the KdV equation) in view of the
specific features discussed above (e.g., the presence of two components in the system at
hand and the third order scalar spectral problem).
The method proposed in [10] is based on the following reasoning. Consider the inte-
grable system defined by an LˆAˆ pair such that the scalar differential operator Lˆ of order
N is polynomial in the spectral parameter λ (Note that only four examples of such op-
erators are known for the simplest case N = 3. They are: systems that can be reduced
to the Boussinesq equation by using invertible differential substitutions, to the long-short
resonance system, to the two-component NLS, and, probably, to the 3-wave system, see
[1]). Consider the equation Lˆψ = 0 and make the substitution
ψ = exp[
∫
rdx]. (1)
Hence we obtain a nonlinear differential equation, which is a generalization of the Riccati
equation for N > 2. Now, decompose r to the Laurent series in λ in vicinity of the infinity.
We get the infinite set of differential polynomials in the field variable. Each polynomial
is a conservation law density. Our main idea is that one must consider the decomposition
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of r to the Taylor series in λ in vicinity of zero! The initial coefficients of the series
r = a+ λb+ λ2c+ ...
are the new field variables. Then we represent the modified integrable systems by using
these variables, while the relations between the old and new field variables are precisely
the Miura type transformations.
2. The cubic Miura type transformations
Represent the Boussinesq equation
utt = ∂
2
x[−
1
3
uxx +
2
3
u2],
as the system of two evolution equations
ut = ∂xη, ηt = ∂x[−
1
3
uxx +
2
3
u2]. (2)
This equation is the compatibility condition for two linear differential equations
ψxxx = uψx + (λ
3 +
1
2
η +
1
2
ux)ψ, ψt = ψxx −
2
3
uψ. (3)
By using substitution (1) we rewrite system (3) in the form
rxx + 3rrx + r
3 = ru+ 1
2
η + 1
2
ux + λ
3,
rt = ∂x[rx + r
2 − 2
3
u],
(4)
Here the first equation is the generating function of conservation law densities (as λ→∞)
and the second equation is the generating function of conservation laws. Now substitute
the Taylor series
r = a + λ3b+ λ6c+ ... (5)
in the first equation among these two. Hence we obtain the Miura type transformations
axx + 3aax + a
3 = ua+ 1
2
η + 1
2
ux,
bxx + 3abx + 3bax + 3a
2b = ub+ 1,
cxx + 3acx + 3bbx + 3cax + 3a
2c+ 3ab2 = uc, ...
(6)
Now substitute the Taylor series given by (5), in the second equation. Then we obtain
the corresponding pseudononlocal conservation laws, that is, the conservation laws such
that the densities and the fluxes are not expressed in terms of the field variables u, η and
finite number of their derivatives: we have
at = ∂x[ax + a
2 − 2
3
u],
bt = ∂x[bx + 2ab],
ct = ∂x[cx + 2ac+ b
2], ...
(7)
for the Boussinesq equation. Now express η from the first equation in (6). We get
η = 2axx + 6aax + 2a
3 − 2au− ux,
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Hence we obtain the modified Boussinesq equation (MB)
at = ∂x[ax + a
2 − 2
3
u], (8)
ut = ∂x[2axx + 6aax + 2a
3 − 2au− ux].
Next, express u from the second equation in (6). We get
u = 3(ax + a
2) +
bxx + 3abx − 1
b
, (9)
Hence we obtain the twice modified Boussinesq equation (TwMB)
bt = ∂x[bx + 2ab], (10)
at = ∂x[−ax − a2 −
2
3b
(bxx + 3abx − 1)].
Now, express a from the third equation in (6)
a =
c− (cbx − bcx − b3)x
3(cbx − bcx − b3)
.
Naturally, we get the thrice modified Boussinesq equation (ThrMB)
ct = ∂x[cx + b
2 + 2c
c+ 3b2bx + bcxx − cbxx
3(cbx − bcx − b3)
], (11)
bt = ∂x[bx + 2b
c+ 3b2bx + bcxx − cbxx
3(cbx − bcx − b3)
].
From general theory of linear ordinary differential equations it is well known that the
Wronskian of three linearly independent solutions (ψ, ψ−, ψ+) to the first equation in (3)
is equal to a constant:
(sxx − us)ψ − sxψx + sψxx = ε.
Here s = ψ−ψ+x − ψ+ψ−x is a solution of a conjugate equation (see first equation in (3))
sxxx = usx − (λ3 +
1
2
η − 1
2
ux)s.
Theorem 1: The function ϕ = sψ is a solution of the ordinary differential equation
ϕxx − 3rϕx + (3r2 − u)ϕ = ε (12)
Also, this function is the generating function of conservation law densities for the Boussi-
nesq equation
ϕt = ∂x[2rϕ− ϕx]. (13)
The proof follows from (3) by a straightforward calculation.
Remark 1: The function ϕ is not a new generating function for conservation law
densities. Indeed,
δR
δη
=
1
2ε
ϕ,
where R =
∫
rdx. The latter equality means that the Euler derivative δ/δη acts as the
shift operator of the space of conservation law densities
δHk+1
δη
= hk,
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where Hk =
∫
hkdx. Therefore, the coefficients of the Laurent series in λ around infinity
for the function ϕ (see (12) and (13)) differ from the coefficients of the Laurent series for
the function r by some constant factors only (see also (4)).
Recall that for the KdV equation it was sufficient to express the old field variable by
the new one. Next, consider the Kaup-Boussinesq equation, which is a two-component
system. Then this procedure is already not sufficient for the modified system to be
uniquely defined [2]. Indeed, there are two possible variants in this case (see (12)). The
first case is
u = 3r2 +
ϕxx
ϕ
− 3rϕx
ϕ
− ε
ϕ
,
The first modified Boussinesq equation (MB1)
rt = ∂x[rx − r2 + 2r
ϕx
ϕ
− 2ϕxx
3ϕ
+
2ε
3ϕ
], ϕt = ∂x[2rϕ− ϕx] (14)
is of orders 3 and 2 with respect to the derivatives. Still, the second modified Boussinesq
equation (MB2)
ut = ∂x[2rxx + 6rrx + 2r
3 − 2ru− ux], ϕt = ∂x[2rϕ− ϕx],
where
r =
ϕx
2ϕ
±
√
−ϕxx
3ϕ
+
ϕ2x
4ϕ2
+
ε
3ϕ
+
1
3
u,
is of orders 5 and 3, respectively. The leading order with respect to derivatives is preserved
by the Miura type transformations for the scalar KdV type equations. We see that this
is not true even in the two-component case. The explicit formulas are huge and therefore
omitted.
Remark 2: Invertible differential substitutions a = p − bx/(2b) for TwMB (10) and
q = r − ϕx/(2ϕ) for the MB1 (14) yield the same modified system
bt = ∂x(2bp),
pt = ∂x[−p2 + 23b +
b2
x
4b2
− bxx
6b
],
ϕt = ∂x(2ϕq),
qt = ∂x[−q2 + 2ε3ϕ +
ϕ2
x
4ϕ2
− ϕxx
6ϕ
].
3. The quadratic Miura type transformations
In the Introduction we noted that only quadratic Miura type transformations are
related with the Hamiltonian structures. Now, consider the factorization of the first
equation in scalar spectral problem (3). We have
(∂x + a + a¯)(∂x − a¯)(∂x − a)ψ = λ3ψ
This factorization supplies the well-known Miura type transformation (see [5])
u = 2ax + a¯x + a
2 + aa¯ + a¯2. (15)
Therefore, the third modified Boussinesq equation (MB3)
at =
1
3
∂x[a
2 − 2aa¯− 2a¯2 − ax − 2a¯x], (16)
a¯t =
1
3
∂x[−2a2 − 2aa¯+ a¯2 + 2ax + a¯x]
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is the compatibility condition for
 ψψ1
ψ2


x
=

 a λ 00 a¯ λ
λ 0 −a− a¯



 ψψ1
ψ2

 ,

 ψψ1
ψ2


t
=

 ax − 23u+ a2 λ(a+ a¯) λ2λ2 1
3
u− a2 − aa¯ −λa
−λa¯ λ2 1
3
u+ aa¯− ax



 ψψ1
ψ2

 .
Two local Hamiltonian structures for the Boussinesq equation are well known. The first
structure is of the canonical form (see for instance, [8]): we have
ut = ∂x
δH4
δη
, ηt = ∂x
δH4
δu
, (17)
such that the Hamiltonian is H4 =
∫
[1
2
η2+ 1
6
u2x+
2
9
u3]dx, the momentum is H3 =
∫
uηdx,
and two annihilators (Casimirs) are H2 =
∫
ηdx, H1 =
∫
udx. The other Hamiltonian
structure is
ut = ∂x[
3
2
η
δH
δη
+ (−∂2x + u)
δH
δu
]− 1
2
(
δH
δη
ηx +
δH
δu
ux)
ηt = ∂x(
1
3
[∂4x − 5u∂2x −
5
2
ux∂x + 2(−uxx + 2u2)]
δH
δη
+
+
3
2
η
δH
δu
)− [δH
δu
∂x
δH4
δη
+
δH
δη
∂x
δH4
δu
].
Consider the variables (a, a¯). Then the second structure acquires the canonical form
at =
1
3
∂x[−2
δH2
δa
+
δH2
δa¯
], a¯t =
1
3
∂x[
δH2
δa
− 2δH2
δa¯
], (18)
such that the Hamiltonian is H2 = −12
∫
ηdx =
∫
a[a¯(a + a¯) + a¯x]dx, the momentum is
H1 = −
∫
udx = −
∫
[a2+aa¯+a¯2]dx, and two annihilators areH
−1 =
∫
adx, H¯
−1 =
∫
a¯dx.
We conclude that MB3 admits local Hamiltonian structure (18).
Finally, we describe another modified Boussinesq equation ThrMB2
bt = ∂x[bx + 2ab], st = ∂x[s(s+ 2a) + (s+ 2a)x],
where s = a¯− a. The Miura type transformation
a =
−bxx + (s2 + sx)b+ 1
bx − sb
is obtained by excluding u in (9) and (15). Therefore, ThrMB2 is of orders 3 and 4 with
respect to the higher variables in its first and second components, respectively.
4. Concluding remarks
In this paper, we have found all “obvious” Miura type transformations that preserve
the conservative form of the modified equations. Suppose the latter restriction is omitted.
Then the Muira type transformations are still few, although their number increases (e.g.,
the KdV equation admits two transformations that preserve the conservative form and
one that spoils it). Moreover, suppose that transformations of the independent variables
(x, t) are also allowed. Then we can continue the sequence of the modified equations, see
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[10], [12]). Such procedure will be described elsewhere. Also full set of multi-parametric
modified Boussinesq equations by approach given in [2] should be found.
In [7] classification of integrable systems
ut = uxx + F (u, w, ux, wx), − wt = wxx +G(u, w, ux, wx)
was presented. The Boussinesq equation belongs to this class (by virtue of invertible
differential substitution η = ρ± iux/
√
3). It will be nice to prove that all above modified
Boussinesq equations up to module of invertible differential substitutions also belong to
this class.
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